For compact real manifolds, a new double conformal invariant is constructed using the Wodzicki residue and the d operator in the framework of Connes. In the flat case, we compute this double conformal invariant, and in some special cases, we also compute this double conformal invariants. For complex manifolds, a new double conformal invariant is constructed using the Wodzicki residue and the∂ operator in the same way, and this double conformal invariant is computed in the flat case.
Introduction
Wodzicki discovered a trace on the algebra of all classical pseudodifferential operators on a closed compact manifold in [Wo] , which is called the Wodzicki residue now. In [Co] , for an even dimensional compact oriented conformal real manifold without boundary, a canonical Fredholm module was constructed and a conformal invariant was defined by the Wodzicki residue. Connes also gave an explanation of the Polyakov action and its 4-dimensional analogy by using his conformal invariant. In [Ug1] , Connes' result was generalized to the higher dimensional case and an explicit expression of the Connes' invariant in the flat case was given by Ugalde. In addition, the way of computation in the general case was indicated. In [Wa1] and [Wa2] , Wang generalized the Connes' framework to the case of manifolds with boundary by using the noncommutative residue on Boutet de Monvel's algebra found in [FGLS] . In [Zu1] and [Zu2] , the Polyakov action on a compact Riemann surface was expressed by using∂ operator. Let g 1 and g 2 be two Riemannian matrics on manifolds. A invariant I(g 1 , g 2 ) about these two metrics is called a double conformal invariant, if I(f 1 g 1 , f 2 g 2 ) = I(g 1 , g 2 ) for positive smooth functions f 1 and f 2 . The motivation of this paper is to find new double conformal invariants for real manifolds and complex manifolds by the Wodzicki residue. This paper is organized as follows: In Section 2, for a compact real manifold, following the Connes' framework, we construct a Fredholm module associated to the d operator and define a double conformal invariant. In Section 3, we compute the leading symbol of F defined in Section 2, σ(F x M . In the flat case, we get the formula of the double conformal invariants. In Section 4, we compute this double conformal invariant for 2-dimensional case. In Section 5, for a compact complex manifold, we construct a Fredholm module associated to the∂ operator and define a double conformal invariant. In Section 6, we compute this double conformal invariant in the flat case. In section 7, we compute this double conformal invariant for 1-dimensional case.
A Double Conformally Invariant Differential Form Ω g1,g2 d
(f 1 , f 2 ) for Compact Real Manifolds Let M be a n dimensional compact connect manifold. Let g 1 and g 2 be Riemannian metrics on the tangent bundle T M of M , and {e 1 , e 2 , · · · , e n } be local orthonormal basis on M . Let {e 1 , e 2 , · · · , e n } be the dual basis, and Φ = e 1 ∧ e 2 ∧ · · · ∧ e n be the canonical volume of M . Define the metric on p−form space A p g(e i1 ∧ e i2 ∧ · · · ∧ e in , e j1 ∧ e j2 ∧ · · · ∧ e jn ) = det| e i l , e j k |. . Let H p = ker∆ p be the harmonic p-forms space. Recall the Hodge Theorem
Now we take the conformal rescaling metricg = e 2f g T M for some smooth function f on M . Then {e f e 1 , e f e 2 , · · · , e f e n } are the associated dual orthonormal basis about e 2f g T M . Let * be the Hodge star operator associated to the rescaling metric. By [Ug1] , we have * = e (2p−n)f * . In particular, when 2p = n, the * operator is conformal invariant, that is * = * . By the definition of the inner product, when 2p = n, L 2 (A p ) is conformally invariant. In the following, we always assume 2p = n. By the Hodge decomposition theorem, we have A 
is a conformally invariant Fredholm module (for definition, see [GVF] ) .
Next we recall the definition of the Wodzicki residue. Let M be a k-dimensional Riemannian manifold and P is a pseudodifferential operator acting on sections of a vector bundle B over the manifold M . In a local coordinate system, denote by σ −k (P ) the (−k)-order symbol, then the Wodzicki residue of P (for details, see [Wo] or [GVF] ) is defined as follows:
where ξ is the cotangent vector and σ(ξ) is the canonical (k − 1)-sphere volume. Wres(P ) is a trace which is independent of the choice of the local coordinates on M and the local basis of B. In particular, the Wodzicki residue does not depend on the choice of the metric. Let g
are the two different metrics on T M . Let F gi d = 2P Imd − Id (i = 1, 2), where P Imd is the projection from A p to Imd. As in [Co] , we have on
Then, as in [Co] (f 1 , f 2 ) defines a Hochschild 2-cocycle on the algebra of smooth functions on M . In particular, when g 1 = g 2 , we get the Connes' conformal invariant. 10) and Ω 
where A p is the p-form space and σ
and the sum is taken over |α
denote the leading symbol of the pseudodifferential operator P and ε(.) and ι(.) denote the exterior and interior multiplications respectively. By Lemma 3.52 in [Gi] , we have Lemma 3.1. When g i (i = 1, 2) is flat, we have for ξ = 0
We assume that g i (i = 1, 2) is flat. Similarly to Lemma 6.1 in [Ug1] , then we have Lemma 3.2. The following equality holds
where the sum is taken over |α| + |β| + |δ| = n; 1 ≤ |β|; 1 ≤ |δ|. 6) where the sum is taken over |β| + |δ| = n, |β| ≥ 1, |δ| ≥ 1. T ′ n (ξ, η, u, v) is the term of order n in the Taylor expansion of ψ(ξ + u, η + v) at u = v = 0 minus the terms with only powers of u or only powers of v. As in Section 4 in [Ug1] , we have Theorem 3.3.
where 
where ξ, η gi (i = 1, 2) represents the inner product g i (ξ, η) (i = 1, 2) and
where C m n is a combinatorial number.
where
n and ε m denotes the operator ε acting on the space of m forms. Proof. By using the trace property and the relation
where I m is the identity on A m -forms, we get
14)
Then by (3.14), we can prove this lemma. Proof of Theorem 3.4
Proof. Using Lemma 3.5 and (3.13) we deduce
when m = 1 and by Lemma 3.5, we can prove (3.9). For m ≥ 1 and ξ 1 , ξ 2 , η 1 , η 1 ∈ A 1 , let
we have the relation
which implies
and
Thus because of the relation
we have a recursive way of computing the left hand side. This is enough to prove that
for some constants a n,m and b n,m . Now in the particular case in which ξ = η = e j is a member of an orthonormal basis of 1− forms about g 2 . We compute a n,m and b n,m by (3.21) and taking special ξ, η. Then we have
if ξ = e ji , for some i; and (3.24) if ξ = e ji , for every i. 25) if ξ = e ji , for some i; and 28) since the first term of (3.28) does not use for computing the trace. For ξ = η = e j1 , we get
therefore, a n,m + b n,m = C m n . If both ξ and η are different members of an orthonomal basis of g 2 , the term g 2 (ξ, η) = 0 and the expression (3.10) reduce to b n,m .
For ξ, η ∈ {e ji , · · · , e jm }, by (3.23) and (3.25), then (3.30) and by (3.24) and (3.26), then
if both ξ, η do not belong to {e ji , · · · , e jm }; and
if only ξ belongs to {e ji , · · · , e jm } and η does not; and
if only η belongs to {e ji , · · · , e jm } and ξ does not, the first term of (3.31) and (3.33) does not use for computing the trace.
So the number of basic m− forms containing both ξ and η is C 
In this section, we compute this conformal invariant for 2-dimensional compact manifolds. Let g 1 and g 2 are Riemannian metrics on the real tangent bundle
be the orthonormal metric and g 2 be a different metric defined by
where e 1 , e 2 are global othonormal basis of g 1 . By lemma 3.2 (for the definition of Ω g1,g2 d (f 1 , f 2 )), since the sum is taken |α|+|β|+|δ| = 2; 1 ≤ |β|; 1 ≤ |δ|, we get |α| = 0, |β| = |δ| = 1, then we have the four cases: {β = (1, 0), δ = (1, 0)}; {β = (1, 0), δ = (0, 1)}; {β = (0, 1), δ = (1, 0)}; {β = (0, 1), δ = (0, 1)}.
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Then we have
Since n = 2, we get
In this subsection we denote | ξ=η |ξ|=1 by | * . For ξ = 1≤i≤n ξ i e i , using the Theorem 3.4 and n = 2, we have
Through the computation
(4.5)
(4.6)
(4.7)
(4.8)
Since |ξ| = 1 is the unit circle, let ξ 1 = cosθ, ξ 2 = sinθ. By (4.3)and(4.5), we have
By the integral formula and f > h > 0, we have
By (4.9), (4.10) and (4.11), we get |ξ|=1
Similar to the computation of the first case, by integral formula, then |ξ|=1 A 2 dξ = |ξ|=1 A 3 dξ = 0,
. Therefore, for n = 2, we compute the double conformally invariant
(4.12) Next, for f > h > 0, we let
Similar to the computation of 4.2, for n = 2, we have
For ξ = 1≤i≤n ξ i e i , using the Theorem 3.4, we have
Since |ξ| = 1 is the unit circle, let ξ 1 = cosθ, ξ 2 = sinθ. By (4.14) and (4.16), we have
By the integral formula and f > h > 0, we get
By (4.20), (4.21) and (4.22), then
Similar to the computation of the first case, by integral formula, then
Therefore, for n = 2, we get the double conformally invariant
for Complex Manifolds
First we recall some basic facts on complex geometry (for details, see [CCL] or [GH] ). Let M be a compact connect complex manifold with complex dimension n. Let g R be a Riemannian metric on the real tangent bundle T R M of M . We canonically extend g R to a Hermitian metric g C on the complexified bundle T R M ⊗ C. Denote by g 1,0 (res. g 0,1 ) the restriction on the holomorphic bundle T 1,0 M (res. T 0,1 M ) of g C . Let g R, * (res. g 1,0, * , g 0,1, * ) be the dual metric on the dual bundle T R, * M (rep. T 1,0, * M ,T 0,1, * M ). let A p,q denote the smooth (p, q)-forms space on M . Let J be the canonical almost complex structure on T R M and {e 1 , · · · , e n , e n+1 , · · · , e 2n } be the local orthonormal basis which satisfies Je i = e n+i . Thus g R is J-invariant metric and
are respectively the orthonormal basis of T 1,0 M and T 0,1 M . Let {e 1 , · · · , e n , e n+1 , · · · , e 2n } be the dual basis on T R, * M which satisfies Je j = −e n+j where J is the induced almost complex structure on T R, * M . Then
are respectively the orthonormal basis of T 1,0, * M and T 0,1, * M . {φ j , φ j } and {λ j , λ j } are dual basis. Define the inner product on the smooth (p, q)-forms space A p,q such that the basis {λ i1 ∧ · · · , λ ip ∧ λ j1 ∧ · · · ∧ λ jq } is the orthonormal basis. Φ = λ 1 ∧ · · · ∧ λ n ∧ λ 1 ∧ · · · ∧ λ n be the canonical volume form on M up to some constant. Define an inner product for ψ, η ∈ A p,q
which makes A p,q be a preHilbert space and let L 2 (A p,q ) be L 2 -completion. Recall the Hodge ⋆ operator ⋆ : A p,q → A n−p,n−q defined as follows:
Let ∆ be the ∂-Laplacian and ∂ * = c ⋆ ∂⋆ be the adjoint operator of ∂ where c is a constant. Let H p,q be the harmonic (p, q)-forms space. Recall the Hodge Theorem says that (see [GH] )
Now we take the conformal rescaling metric g = e 2f g R for some smooth function f on M , then the associated dual metric is e −2f g R,⋆ and the associated orthonormal basis are e −f φ i , e −f φ i and e f λ i , e f λ i . Let ⋆ be the Hodge star operator associated to the rescaling metric.
Lemma 5.1. ⋆ = e 2(n−p−q)f ⋆ . In particular, when p + q = n, the ⋆ operator is conformal invariant, that is ⋆ = ⋆.
Proof. By equalities Φ = e 2nf Φ and g(ψ, η) = e −2(p+q)f g(ψ, η) for ψ, η ∈ A p,q , then we have
by (5.6) and the Poincaré duality, we get ⋆ = e 2(n−p−q)f ⋆.
By the definition of the inner product, when n = p + q, L 2 (A p,q ) is conformally invariant. In the following, we always assume n = p + q. By the Hodge decomposition theorem (also see [Ug2] ), we have H p,q = ker(∂) ∩ ker(∂⋆). So by Lemma 5.1 and ∂ is independent of metric, we get that H p,q is conformally invariant. Let F ∂ = 2P Im∂ − Id where P Im∂ is the projection from L 2 (A p,q ) to Im∂. As in [Co] , we have on
Thus F ∂ is a conformally invariant 0-order pseudodifferential bounded operator satisfying F ∂ = F * ∂ and F 2 ∂ = 1. Let C ∞ (M ) be the set of smooth complex-valued functions on M . Then we have
is a conformally invariant Fredholm module (for definition, see [GVF] ) . (i = 1, 2) is a conformally invariant 0-order pseudodifferential bounded operator. For n−dimensional complex manifold, we define the 2n-form Ω g1,g2 ∂ (f 1 , f 2 ) by the following identity for
By Lemma 5.2, as in [Co] or [Ug1] , we have
is a unique defined by (5.9), symmetric and conformally invariant 2n-differential form. Furthermore, M f 0 Ω g1,g2 ∂ (f 1 , f 2 ) defines a Hochschild 2-cocycle on the algebra of smooth functions on M .
The Computation of the Conformal Invariant
Next we compute the conformal invariant Ω g1,g2 ∂ (f 1 , f 2 ). By Lemmas 2.2 and 2.3 in [Ug1] , we have
where ∧ p,q is the space of (p, q)-degree forms and σ
x and the sum is taken over |α
+ ; j, k ∈ Z + . Recall Lemma 3.52 in [Gi] , then we have Lemma 6.1. The following equalities hold
Lemma 6.2. When g i (i = 1, 2) is flat, we have for ξ = 0
We assume that g i (i = 1, 2) is flat. Similarly to Lemma 6.1 in [Ug1] , then we have Lemma 6.3. The following equality holds (6.5) where the sum is taken over |α| + |β| + |δ| = 2n; 1 ≤ |β|; 1 ≤ |δ|.
where the sum is taken over |β| + |δ| = 2n, |β| ≥ 1, |δ| ≥ 1. T ′ 2n (ξ, η, u, v) is the term of order 2n in the Taylor expansion of ψ(ξ + u, η + v) at u = v = 0 minus the terms with only powers of u or only powers of v. As in Section 4 in [Ug1] , we have
By Theorem 6.4, to obtain an explicit expression for Ω g1,g2 ∂,flat
, it is necessary to study Tr
For a (0, 1)-form ω 1 , we have
By Lemma 6.1 and (6.11), we have (6.15) where ξ, η gi (i = 1, 2) represents the inner product g C, * ( ξ, η), a p,q and b p,q are some constants, C p n is a combinatorial number.
n and ε p,q denotes the operator ε acting on the space of (p, q) forms.
Proof. By using the trace property and the relation (6.17) where I p,q is the identity on (p, q)-forms, we get
Then by (6.18), we can prove this Lemma.
Proof of Theorem 6.5
Proof. By Lemma 6.1 and (6.12), we have
(6.19)
By Lemma 6.6, we have
(6.20)
For q ≥ 1 and ξ a , ξ b , η a , η b ∈ A 0,1 , let
By (6.17) and Lemma 6.6 and the trace property, we have the relation
(6.24) By (6.19) and (6.20), we have
By (6.25) and (6.26), we can get (6.13). By (6.25) and (6.27), we can get (6.14). By (6.25) and a recursive way, we have
In this section, we compute the double conformal invariant for 1-dimension complex manifolds. By lemma 6.3 (for the definition of Ω g1,g2 ∂ (f 1 , f 2 )), since the sum is taken |α| + |β| + |δ| = 2; 1 ≤ |β|; 1 ≤ |δ|, we get |α| = 0, |β| = |δ| = 1, then we have the four cases: {β = (1, 0), δ = (1, 0)}; {β = (1, 0), δ = (0, 1)}; {β = (0, 1), δ = (1, 0)}; {β = (0, 1), δ = (0, 1)}.
Then we have For ξ = 1≤i≤2n ξ i e i , let g 1 be a Riemannian metric on the real tangent bundle T R M of M , and define g 2 (e i , e j ) = e i , e j g2 . By (6.10) and direct computation, we get ξ, η g1 = 2(ξ 1 − iξ 2 )(η 1 + iη 2 ), (7.2) ξ, η g2 = (ξ 1 + iξ 2 )(η 1 − iη 2 )( e 1 , e 1 g2 + e 2 , e 2 g2 ). (7.3)
In this subsection we denote | η=ξ |ξ|g 1 =1 by | * . By (7.2),(7.3) and Theorem 6.5, we have Similar to the computation of the first case, so we get Remark 7.3. In this paper, for compact real manifolds, a new double conformal invariant is constructed using the Wodzicki residue and the d operator in the framework of Connes. In the flat case, we compute this double conformal invariant, and in some special case, we also compute this double conformal invariants. For complex manifolds, a new double conformal invariant is constructed using the Wodzicki residue and thē ∂ operator in the same way, and this double conformal invariant is computed in the flat case. We hope to compute the double conformal invariants in general case in the future.
